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Abstract
Recently, for principal chiral models and symmetric coset sigma models, Hoare
and Tseytlin proposed an interesting conjecture that the Yang-Baxter deformations
with the homogeneous classical Yang-Baxter equation are equivalent to non-abelian
T-dualities with topological terms. It is significant to examine this conjecture for non-
symmetric (i.e., non-integrable) cases. Such an example is the W2,4×T 1,1 background.
In this note, we study Yang-Baxter deformations of type IIB string theory defined on
W2,4 × T 1,1 and the associated T-dual models, and show that this conjecture is valid
even for this case. Our result indicates that the conjecture would be valid beyond
integrability.
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1 Introduction
A prototypical example of the AdS/CFT correspondence [1] is a duality between type IIB
string theory on the AdS5×S5 background1 and the four-dimensional N = 4 SU(N) super
Yang-Mills (SYM) theory in the large N limit. As a remarkable feature, an integrable
structure exists behind this correspondence [2]. On the string-theory side, it is well known
that the classical action of the AdS5×S5 superstring [3] enjoys the Z4-grading and it ensures
the classical integrability in the sense of kinematical integrability [4] (For nice reviews on
this issue, see [5–7]).
1This theory is often abbreviated as the AdS5×S5 superstring.
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One of the fascinating subjects on this integrability is to study Yang-Baxter (YB) de-
formations [8–10] of the AdS5×S5 superstring [11, 12]. YB deformations were originally
proposed by Klimcik [8] for principal chiral models with the modified classical Yang-Baxter
equation (mCYBE). Those were then generalized to symmetric coset sigma models [9] and
the homogeneous CYBE. For affine symmetries related to the deformed models, see [13–15].
We are concerned here with the YB deformations with the homogeneous CYBE [10,12].
The YB deformed AdS5×S5 backgrounds have been intensively studied in the recent progress
[16–30]. A remarkable progress is the discovery of the unimodularity condition [28], under
which the deformed spacetime satisfies the on-shell condition of type IIB supergravity. This
unimodular class includes all of the abelian classical r-matrices. A series of works [16–18,25]
have identified the abelian classical r-matrices associated with γ-deformations of S5 [31,32],
gravity duals of non-commutative gauge theories [33, 34] and Schro¨dinger spacetimes [35].
On the other hand, if a classical r-matrix does not satisfy the unimodularity condi-
tion, then the resulting background is not a solution of type IIB supergravity, but satisfies
the generalized equations of motion [36] (as supported by a series of works [25–28]). The
appearance of the generalized type IIB supergravity is rather inevitable because the gener-
alized equations are reproduced from the kappa-symmetry constraints of the Green-Schwarz
string theories on arbitrary backgrounds [37]2 (though those were discovered so as to support
the η-deformed background [39, 40] as a solution). Solutions of the generalized supergrav-
ity can be mapped to solutions of the usual supergravities via “T-dualities” [36, 41] along
non-isometric directions. Recently, the modified double field theory description has been
constructed in [42] as the underlying structure behind the generalized gravities. By follow-
ing it, the “T-dualities” can be naturally understood as O(D,D) transformations. As yet
another approach is a direct derivation from the (non-modified) exceptional field theory [43].
Recently, for the homogeneous CYBE case, Hoare and Tseytlin proposed an interesting
conjecture that the YB deformations are equivalent to non-abelian T-dualities for principal
chiral models and coset sigma models [44]. Then a proof of this conjecture was provided
in [45]. This equivalence would be very important because it is helpful in studying what
happens to the string target spacetime, or what happens to the gauge-theory side after
performing YB deformations. For the recent progress along this line, see [46].
2Note here that this is a new result obtained recently, while it has been well known that the on-shell
condition of type IIB supergravity leads to the kappa-invariant Green-Schwarz string theories [38].
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As a possible generalization, it is also interesting to examine YB deformations of non-
integrable homogeneous backgrounds3. Such an example is the AdS5 × T 1,1 background,
where T 1,1 is a five-dimensional Sasaki-Einstein manifold [47]. This background was origi-
nally introduced by Klebanov and Witten [48] as a gravity dual of a superconformal field
theory in four dimensions. This T 1,1 is known as a non-integrable background because clas-
sical string solutions on T 1,1 exhibit the chaotic behavior [49]. On the other hand, YB
deformations of T 1,1 are studied in [50] and TsT transformations of T 1,1 [31, 51] can be re-
produced as YB deformations. This result indicates that YB deformations would work well
beyond integrability, although those were originally proposed as integrable deformations.
Along the above line, it would be nice to study the Hoare-Tseytlin conjecture for non-
integrable cases. However, the T 1,1 background is compact and hence the conjecture would
not be so non-trivial because the YB deformations with the homogeneous CYBE become
abelian and always satisfy the unimodularity condition. To expand our argument so as
to include non-unimodular cases, it is better to study a non-integrable, non-compact and
homogeneous space. Such an example is an Einstein manifoldW2,4 (which is a non-symmetric
coset space). TheW2,4×S5 background is introduced in [52] to study a holographic principle.
Classical chaotic string solutions have not been constructed explicitly on the W2,4 space.
However, the W2,4 geometry should be non-integrable because it can be realized as a double
Wick rotation of T 1,1 . Thus W2,4 is suitable for our purpose.
In this note, we will argue the Hoare-Tseytlin conjecture for theW2,4×T 1,1 background4 .
We study YB deformations of type IIB string theory defined onW2,4×T 1,1 and the associated
T-dual models, and show that this conjecture is valid for this case as well. Our result indicates
that the conjecture would be valid beyond integrability.
This note is organized as follows. Section 2 introduces a coset construction of the W2,4×
T 1,1 spacetime. Section 3 gives a short review of the Hoare-Tseytlin conjecture for principal
chiral models by following the work [45]. In section 4, we consider non-abelian T-dualities
3In order to perform YB deformations, a coset representation of the target space is necessary. Hence the
homogeneity is supposed here.
4A similar background is studied in [53], but different from the one we are concerned with here. It
contains an NS-NS two-form but no R-R flux, and it is a consistent NS-NS string background. The model
of [53] is conformal and one may construct integrable deformations of it. The resulting deformed theory is
a special case of the theories presented in [54]. We are grateful to A. Tseytlin, G. Georgiou and K. Sfetsos
for this point.
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and YB deformations of W2,4×T 1,1 . Section 5 provides examples of classical r-matrices and
the associated T-dual models. Section 6 is devoted to conclusion and discussion.
2 Coset construction of W2,4 × T 1,1
In this section, we shall introduce the W2,4×T 1,1 spacetime. This geometry is homogeneous
and its metric can be derived by performing a coset construction. We describe the procedure
of the coset construction in detail. This section basically follows the preceding work on
T 1,1 [50], but includes a generalization to W2,4 .
2.1 The geometries of W2,4 × T 1,1
To begin with, we briefly describe the geometry of W2,4 × T 1,1 .
Let us first see the T 1,1 part. The internal space T 1,1 is a five-dimensional Sasaki-Einstein
manifold and can be viewed as a U(1)R-fibration over SU(2)A×SU(2)B [51]. The geometry
is equipped with the metric
ds2T 1,1 =
1
9
(dψ + cos θ1 dφ1 + cos θ2 dφ2)
2
+
1
6
[
(dθ1)
2 + sin2 θ1(dφ1)
2 + (dθ2)
2 + sin2 θ2(dφ2)
2
]
, (2.1)
where 0 ≤ θ1 , θ2 < π , 0 ≤ φ1 , φ2 < 2π and 0 ≤ ψ < 4π . The coordinate ψ parametrizes the
U(1)R fiber. The isometry group is SU(2)A × SU(2)B × U(1)R . It has been revealed that
the T 1,1 manifold is represented by a coset [50]
T 1,1 =
SU(2)A × SU(2)B × U(1)R
U(1)A × U(1)B . (2.2)
Here SU(2)A × SU(2)B and U(1)R correspond to a flavor symmetry and an R-symmetry
in the dual superconformal field theory [48], respectively. Because the coset (2.2) is not
symmetric, the classical integrability of a non-linear sigma model in two dimensions with
target space T 1,1 is not ensured automatically. Indeed, chaotic string solutions are presented
in [49] and hence the sigma model is shown to be non-integrable.
The next is to see the Lorentzian manifold W2,4 . This is also a five-dimensional Einstein
space with the metric
ds2W2,4 = −
1
9
(dχ+ cosh y1 dψ1 + cosh y2 dψ2)
2
4
+
1
6
[
(dy1)
2 + sinh2 y1(dψ1)
2 + (dy2)
2 + sinh2 y2(dψ2)
2
]
. (2.3)
Here 0 ≤ y1 , y2 < ∞ , 0 ≤ ψ1 , ψ2 < 2π and 0 ≤ χ < 4π . The W2,4 geometry can also be
regarded as a U(1)-fibration over EAdS2 × EAdS2 and then the coordinate χ parametrizes
the U(1) fiber.
Note here that the W2,4 metric can be derived formally by performing a double Wick
rotation
θ1 ,2 → iy1 ,2 , ψ → χ , φ1 ,2 → ψ1 ,2 , (2.4)
for the T 1,1 metric (up to the overall sign). Hence the geometry of W2,4 is represented by
the following coset:5
W2,4 =
SL(2)a × SL(2)b × SO(2)r
U(1)a × U(1)b . (2.5)
The coset (2.5) is not symmetric as well. Chaotic string solutions have not been constructed
explicitly on the W2,4 background. However, W2,4 should also be non-integrable like T
1,1
because W2,4 can be realized as a double Wick rotation of T
1,1 , as denoted above.
2.2 Coset construction of W2,4 × T 1,1
Let us next derive the metric of W2,4 × T 1,1 by performing a coset construction explicitly
with the following coset:
W2,4 × T 1,1 = SL(2)a × SL(2)b × SO(2)r
U(1)a × U(1)b ×
SU(2)A × SU(2)B × U(1)R
U(1)A × U(1)B . (2.6)
The derivation of the T 1,1 metric is just a review of [50], but that of the W2,4 one has not
been presented yet.
It is convenient to introduce a matrix representation of the generators. We will take the
SU(2) generators Fi (i = 1, 2, 3) and the SL(2) generators Lµ (µ = 0, 1, 2) as follows:
F1 = − i
2
σ1 , F2 = − i
2
σ2 , F3 = − i
2
σ3 ,
L0 =
i
2
σ3 , L1 = −1
2
σ2 , L2 =
1
2
σ1 . (2.7)
5In [52], a coset SO(2, 2)/SO(2) is argued to describe W2,4 . However, this coset does not work in
performing the coset construction. This is the case for T 1,1 as well. The popular coset (SU(2)×SU(2))/U(1)
does not work for the coset construction. This point is explicitly denoted in the seminal paper [47]. The
proper coset (2.2) and the supertrace operation have been clarified in [50].
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Here σa (a = 1, 2, 3) are the standard Pauli matrices.
By following the procedure presented in [50], we choose the fundamental representations
of (5|5)× (5|5) supermatrix rather than the bosonic 10× 10 matrices. We take L1µ , L2µ and
K as the generators of the Lie algebras sl(2)a , sl(2)b and so(2) , respectively. Then a matrix
realization of the generators is given by
L1µ =

05×5 05×5
05×5
Lµ
0 0 0
0 0 0
0 0
0 0
0 0
0 0 0
0 0 0
0 0 0

, L2µ =

05×5 05×5
05×5
0 0
0 0
0 0
0 0
0
0
0 0
0 0
Lµ
0
0
0 0 0 0 0

, K = − i
2

1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
05×5
05×5 05×5

.
(2.8)
Similarly, F 1i , F
2
i and M are the generators of the Lie algebras su(2)A , su(2)B and u(1)R ,
respectively. These are represented by the following matrices:
F 1i =

0 0
0 0
0 0
0 0
0
0
0 0
0 0
Fi
0
0
0 0 0 0 0
05×5
05×5 05×5

, F 2i =

0 0 0
0 0 0
0 0 0
0 0
0 0
0 0
0 0 0
0 0 0
Fi
05×5
05×5 05×5

, M = − i
2

05×5 05×5
05×5
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1

.
(2.9)
The non-vanishing commutation relations are given by
[Lm1 , L
n
±
] = ±δmnLm
±
, [Lm+ , L
n
−
] = 2δmnLm1 , [F
m
i , F
n
j ] = δ
mnǫijkF
m
k , (2.10)
where Lm
±
= Lm2 ± Lm0 . It is helpful to use the following supertrace formulae:
STr(Lmµ L
n
ν ) = −
1
2
δmnηµν , STr(F
m
i F
n
j ) = −
1
2
δmnδij ,
STr(KK) = −STr(MM) = −1
4
. (2.11)
Here ηµν ≡ diag(−++) .
6
To parametrize a representative of the coset (2.6) , let us introduce here the following
orthogonal basis :
Span
R
{Lm0 , Lm1 ,W , Fm1 , Fm2 , H} , (m = 1, 2) . (2.12)
Here W and H are defined as
W ≡ L10 − L20 +K , H ≡ F 13 − F 23 +M . (2.13)
The denominator of the coset (2.6) is then spanned by the following abelian generators
T1 = L
1
0 + L
2
0 , T2 = L
1
0 − L20 + 4K ,
T3 = F
1
3 + F
2
3 , T4 = F
1
3 − F 23 + 4M . (2.14)
The metric of W2,4 × T 1,1 can be reproduced by using a representative g of the coset
(2.6) . Then g is decomposed into the W2,4 and T
1,1 parts like
g = gW2,4 · gT 1,1 , (2.15)
where gW2,4 and gT 1,1 are parametrized as
gW2,4 = exp
[
ψ1L
1
0 + ψ2L
2
0 + 2χK
]
exp
[
(y1 − iπ)L11 + y2L21
]
, (2.16)
gT 1,1 = exp
[
φ1F
1
3 + φ2F
2
3 + 2ψM
]
exp
[
(θ1 + π)F
1
2 + θ2F
2
2
]
. (2.17)
By performing a coset construction with a left-invariant one-form
A ≡ −g−1dg ,
the metric of W2,4 × T 1,1 , which is a sum of (2.3) and (2.1) , is obtained as
−1
3
STr[AP (A)] = ds2W2,4 + ds
2
T 1,1 . (2.18)
Here P denotes the projection that deletes the generators in (2.14) from the Lie algebra g of
G = SL(2)a × SL(2)b × SO(2)r × SU(2)A × SU(2)B × U(1)R .
It is also convenient to utilize another parametrization of W2,4 , in which two copies of
Euclidean AdS2 are written in terms of the Poincare´ coordinates. The parametrization is
gW2,4 = exp
[−x1(L12 + L10) + x2(L22 + L20) + 2χK] exp [L11 log z1 + L21 log z2] . (2.19)
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In this parametrization, the generators L11 and L
2
1 play a role of the dilatation generators of
sl(2)a and sl(2)b , respectively. Then the metric is given by
ds2W2,4 = −
1
9
(
dχ+
dx1
z1
+
dx2
z2
)2
+
1
6
(
(dx1)
2 + (dz1)
2
(z1)2
+
(dx2)
2 + (dz2)
2
(z2)2
)
. (2.20)
The coset constructions introduced here will be the starting points in considering YB
deformations of W2,4 × T 1,1 in the following section.
3 DTD models and YB deformations for PCM
In this section, we will concentrate on a principal chiral model (PCM), instead ofW2,4×T 1,1 ,
in order to explain a relation between YB deformed PCMs and deformed T-dual (DTD)
models [44, 45].
3.1 DTD models for PCM
The DTD models are realized by performing a non-abelian T-duality for the deformed PCM
with a topological term, as explained below.
Let us start from the classical action of PCM with a Lie group G ,
S[g] =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
g−1∂−gg
−1∂+g
]
, (3.1)
where g is a group element of G . This system enjoys the global G×G symmetry like
g −→ gL · g · gR ,
where gL and gR are elements of the left and right global G’s , respectively.
By gauging a subgroup G˜ of a left global G , we obtain the following gauged action,
S[A, J, v] =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
(A˜− + J−)(A˜+ + J+)− vF˜+−
]
, (3.2)
where the right-invariant current J is defined as
J± ≡ −∂±f · f−1 , f ∈ G .
Here F˜+− is the field strength of the gauge field A˜± that is defined as
F˜+− ≡ ∂+A˜− − ∂−A˜+ − [A˜+, A˜−] (3.3)
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and v is a Lagrange multiplier taking a value of the “dual algebra” g˜∗ . The generators for
g˜ and g˜∗ are described as
T˜i˜ : the generators of g˜
T˜ ∗
i˜
: the generators of g˜∗
and satisfy Tr[T˜i˜T˜
∗
j˜
] = δi˜j˜ . Note here that the range of the indices i˜, j˜ · · · is determined by
the choice of the subgroup G˜ .
The gauged action (3.2) is invariant under the following gauge transformation:6
f → h · f , A˜→ h · A˜ · h−1 + dh · h−1 , v → h · v · h−1 , h ∈ G˜ . (3.4)
Integrating out the Lagrange multiplier v gives rise to the zero curvature condition F˜+− = 0 .
By taking a gauge A˜± = −g˜−1∂±g˜ , the original action with a group parametrization g = g˜ ·f
can be reproduced. On the other hand, taking a variation with respect to A˜ corresponds to
a non-abelian T-duality.
To obtain the action of DTD models, it is necessary to add the following topological term
to the gauged Lagrangian (3.2) :
η−1
2
Tr
[
A˜−Ω
(
A˜+
)]
. (3.5)
Here η is a constant real parameter which measures the deformation, and Ω is a linear map
from g˜ to the “dual algebra” g˜∗ satisfying the following condition:
Ω (adx y) = adxΩ(y)− adyΩ(x) ( x , y ∈ g˜ ) , (3.6)
Tr [xΩ(y)] = −Tr [Ω(x) y] . (3.7)
Here the adjoint operation for the Lia algebra elements adx y is defined as
adx y ≡ [x, y] .
The first condition (3.6) is called the cocycle condition.
Adding the topological term (3.5) corresponds to turning upon the following B-field
B ∼ Tr [g˜−1dg˜ ∧ Ω(g˜−1dg˜)]
6 If g˜ is not semi-simple, then h · v · h−1 does not take the value in g˜∗ in general. For this point, see the
footnote 11 of [44].
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in the target space. The cocycle condition (3.6) requires that the induced B-field has to be
closed. In fact, A˜ = −g˜−1dg˜ satisfies the flatness condition dA˜ = A˜ ∧ A˜ and hence leads to
the following expression:
dB ∼ dTr
[
A˜ ∧ Ω(A˜)
]
= −2Tr
[
A˜ ∧ Ω(A˜ ∧ A˜)
]
. (3.8)
But here the right-hand side in (3.8) can be rewritten as follows:
Tr
[
A˜ ∧ Ω(A˜ ∧ A˜)
]
=
1
2
A˜i ∧ A˜j ∧ A˜k Tr
[
T˜iΩadT˜j T˜k
]
=
1
2
A˜i˜ ∧ A˜j˜ ∧ A˜k˜ Tr
[
T˜i˜(adT˜
j˜
ΩT˜k˜ − adT˜
k˜
ΩT˜j˜)
]
= −2Tr
[
A˜ ∧ Ω(A˜ ∧ A˜)
]
. (3.9)
Note that the second equality in (3.9) follows from the cocycle condition (3.6). Thus the
above new term (3.5) does not have effects on the classical dynamics of the gauged sigma
models. Finally, we have shown that
Tr
[
A˜ ∧ Ω(A˜ ∧ A˜)
]
= 0 , i.e., dB = 0 .
That is, the B-field is closed.
Then the deformed gauged action is given by
S =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
A˜−O˜+(A˜+) + A˜−(∂+v + J+)− (∂−v − J−)A˜+ + J−J+
]
,(3.10)
where the operators O˜± : g˜→ g˜∗ are defined as
O˜± ≡ P˜ T (1± adv ∓ η−1Ω)P˜ . (3.11)
Here the projection operators are defined as P˜ : g→ g˜ and P˜ T : g→ g˜∗ . In particular, the
operators O˜± satisfy the following relations
O˜T+ = O˜− , O˜−1± O˜± = P˜ , O˜±O˜−1± = P˜ T , (3.12)
where O˜T+ is the transpose of the operator O˜+ that is defined through the relation
Tr[x O˜+(y)] = Tr[O˜T+(x) y] .
Then, taking a variation with respect to A˜± leads to the following expressions:
A˜+ = −O˜−1+ (∂+v + J+) , A˜− = O˜−1− (∂−v − J−) . (3.13)
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By putting these A˜± into the deformed gauged action (3.10), the classical action of the DTD
model is derived as
SDTD =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
J−J+ + (∂−v − J−)O˜−1+ (∂+v + J+)
]
. (3.14)
At this stage, the left global symmetry G˜L is broken but the right global symmetry G˜R is
still preserved. It is worth noting that the Lagrange multiplier v plays a role of the dual
coordinates in the dual models.
3.2 YB deformations of PCM
In this subsection, we will introduce YB deformations of PCM with the homogeneous CYBE
[10] by following the terminology of [45].
The action of the YB deformed sigma models [8–10] is given by
SYB =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
g−1∂−g
1
1− ηRg g
−1∂+g
]
, (3.15)
where g is a group element of a Lie group G . The deformed action has the right global
symmetry GR but the left global symmetry GL is broken. The dressed R-operator Rg is
defined by
Rg(x) ≡ g−1R(gxg−1)g , x ∈ g . (3.16)
Here the linear operator R : g→ g is skew-symmetric and satisfies the homogeneous CYBE
[R(x), R(y)]− R([R(x), y] + [x,R(y)]) = 0 , x , y ∈ g . (3.17)
When the Lie algebra g has a non-degenerate invariant symmetric bilinear form, the R-
operator is associated with a skew-symmetric classical r-matrix
r =
∑
i
ai ∧ bi ≡
∑
i
(ai ⊗ bi − bi ⊗ ai) ∈ g⊗ g , (3.18)
which satisfies the homogeneous CYBE (in the tensorial notation)
[r12, r13] + [r12, r23] + [r13, r23] = 0 . (3.19)
Here the following tensor notations are utilized
r12 =
∑
i
ai ⊗ bi ⊗ 1 , r23 =
∑
i
1⊗ ai ⊗ bi , r13 =
∑
i
ai ⊗ 1⊗ bi .
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In the following, we are concerned with a constant skew-symmetric solution of the CYBE.
Then there are some nice properties. First of all, from the generators included in the classical
r-matrix, a subalgebra of g can be determined. Namely, if the classical r-matrix is represented
by
r =
1
2
ri˜j˜ T˜i˜ ∧ T˜j˜ , ri˜j˜ = −rj˜ i˜ , (3.20)
then the generators T˜i˜ span a subalgebra g˜ ⊂ g . Secondly, the determinant of ri˜j˜ does not
vanish on the subspace g˜⊗ g˜ [55] ,
det ri˜j˜ 6= 0 . (3.21)
It is worth noting that the action of R-operator is written as
R(x) = ri˜j˜T˜i˜Tr[T˜j˜x] , x ∈ g . (3.22)
Furthermore, it is easy to see that g˜ is a quasi-Frobenius algebra [55, 56] which is equipped
with a non-degenerate 2-cocycle ω satisfying the cocycle condition
ω([x, y], z) + ω([z, x], y) + ω([y, z], x) = 0 , x, y, z ∈ g˜ . (3.23)
In fact the 2-cocycle ω can be explicitly constructed by using the inverse of the R-operator :
ω ≡ 1
2
ω i˜j˜ T˜ ∗
i˜
∧ T˜ ∗
j˜
≡ 1
2
(r−1)i˜j˜ T˜ ∗
i˜
∧ T˜ ∗
j˜
, (3.24)
ω(x, y) ≡ ω i˜j˜ Tr[ x T˜ ∗
i˜
]Tr[ y T˜ ∗
j˜
] , x, y ∈ g˜ . (3.25)
Since ω is non-degenerate on g˜⊗ g˜, it gives the skew-symmetric linear map Ω : g˜→ g˜∗ which
is defined by
Ω(x) ≡ ω i˜j˜ T˜ ∗
i˜
Tr[ x T˜ ∗
j˜
] , x ∈ g˜ . (3.26)
Note that R◦Ω and Ω◦R are the identity operators on g˜ and g˜∗ , respectively. The operator
Ω also satisfies the cocycle condition (3.6). To show the equivalence between a YB sigma
model with a r-matrix and the corresponding DTD model, it is necessary to choose the above
operator Ω in the DTD model.
3.3 The equivalence between DTD models and YB sigma models
To see the equivalence between two sigma models, we require the following conditions :
1
1∓ ηRg˜ = 1− O˜
−1
±
, − 1
1∓ ηRg g
−1∂±g = Ad
−1
f (A˜± + J±) . (3.27)
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The conditions imply the field redefinition of the Lagrange multiplier
dv = −(P˜ T − O˜+)g˜−1dg˜ = (P˜ T − O˜−)g˜−1dg˜
= P˜ T (adv − η−1Ω)g˜−1dg˜ . (3.28)
For the integrated form of v , see Appendix A. In particular, if matrix elements of adv are
non-trivial, the conditions (3.27) determine constant of integrations from integrating of the
constraints (3.28) . Using the conditions (3.27) or (3.28) and the expressions (3.13) of A˜ , we
can show that the YB deformed action is rewritten as
SYB =
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
(−g˜−1∂−g˜ + J−)(A˜+ + J+)
]
= SDTD +
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
g˜−1∂−g˜∂+v
]
= SDTD +
1
2
∫
∞
−∞
dτ
∫ 2pi
0
dσTr
[
g˜−1∂−g˜(adv − η−1Ω)g˜−1∂+g˜
]
. (3.29)
The second term on the right-hand side in (3.29) is a total derivative term. To see this, let
us show the closure of the form
Tr
[
g˜−1dg˜ ∧ adv(g˜−1dg˜)
]
.
This property follows from the following relation:
dTr
[
g˜−1dg˜ ∧ Ω(g˜−1dg˜)] = 0 .
In fact,
dTr
[
A˜ ∧ advA˜
]
= Tr
[
−A˜ ∧ A˜ ∧ advA˜+ A˜ ∧ vA˜ ∧ A˜− A˜ ∧ A˜ ∧ A˜v
−A˜ ∧ dv ∧ A˜− A˜ ∧ A˜ ∧ dv
]
= −2Tr
[
A˜ ∧ A˜ ∧ (adv + η−1Ω)A˜
]
= 0 . (3.30)
In the third equality of (3.30), we have used the relation
Tr
[
A˜ ∧ A˜ ∧ vA˜
]
= Tr
[
A˜ ∧ A˜ ∧ A˜v
]
. (3.31)
3.4 An example: deformed AdS3
In this subsection, we will give an explicit calculation of a YB deformation and the corre-
sponding DTD model for AdS3.
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Coset construction of AdS3
Let us introduce matrix realizations of sl(2,R) that are described in
t0 =
i
2
σ2 , t1 =
1
2
σ1 , t2 =
1
2
σ3 , (3.32)
where σi are the Pauli matrices. We choose a group parametrization of g ∈ SL(2,R) as
g = exp[2x+t+] exp[2(log z) t2] exp[2x
−t−] . (3.33)
Here elements t± of sl(2,R) are defined as
t+ =
t0 + t1√
2
, t− =
t0 − t1√
2
. (3.34)
The left invariant current is expanded by a basis {t2, t±} of sl(2,R) as
g−1dg =
2dx+
z2
t+ + 2
(
dx− + 2
(
x−
z
)2
dx+ − 2x
−
z
dz
)
t−
+
2(−2x−dx+ + zdz)
z2
t2 . (3.35)
Then the associated metric of AdS3 spacetime is given by
ds2 =
−2dx+dx− + dz2
z2
. (3.36)
The metric is a familiar coordinate system of AdS3 in the Poincare´ patch.
YB deformation of AdS3
First of all, we consider a YB deformation with the following non-abelian r-matrix [10]:
r =
1
2
ri˜j˜ T˜i˜ ∧ T˜j˜ = 2t2 ∧ t+ , (3.37)
where generators T˜i˜ of sl(2,R) form a subalgebra g˜ of sl(2,R) that is spanned by
g˜ = span
R
{T˜1, T˜2} = spanR{
√
2 t2,
√
2 t+} . (3.38)
The non-vanishing commutation relation of g˜ is
[T˜1, T˜2] =
√
2 T˜2 . (3.39)
In this basis of g˜ , an element ri˜j˜ of r-matrix becomes
ri˜j˜ =
 0 1
−1 0
 , (3.40)
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which has non-vanishing determinant. The actions of linear operator R is
R(t2) = −t+ , R(t−) = −t2 , R(t+) = 0 . (3.41)
The deformed background is given by
ds2 =
−2dx+dx− + dz2
z2
− η
2(dx−)2
z4
,
B =
η
z3
dx− ∧ dz . (3.42)
This background is nothing but a three-dimensional Schro¨dinger spacetime [57–59]. Note
here that the B-field is given by a total derivative term. This YB deformation was originally
done in [10].
DTD model for AdS3
Let us next perform a similar computation for the corresponding DTD model. Suppose that
a duality group is given by a subgroup G˜ of SL(2,R) that is generated by the Lie algebra g˜
(3.38) . The “dual algebra” g˜∗ can be introduced for the algebra g˜ . By the definition of the
dual algebra, the basis of g˜ is given by
g˜∗ = span
R
{T˜ ∗1 , T˜ ∗2 } = spanR{
√
2 t2,−
√
2 t−} . (3.43)
In this basis of g˜ , the 2-cocycle ω is given by
ω =
1
2
ω i˜j˜ T˜ ∗
i˜
∧ T˜ ∗
j˜
= 2t2 ∧ t− . (3.44)
Here, with the inverse of the classical r-matrix, ω i˜j˜ can be expressed as
ω i˜j˜ = (r−1)i˜j˜ =
0 −1
1 0
 . (3.45)
Because the 2-cocycle ω satisfies the cocycle condition, the algebra g˜ is quasi-Frobenius.
The next is to decompose the group element g (3.33) as
g = g˜ · f ,
g˜ = exp[2x+t+] exp[2(log z) t2] , f = exp[2x
−t−] , (3.46)
where g˜ is an element of the duality group G˜ . Then we can read off the dual background
from the action (3.14) of a DTD model with the 2-cocycle (3.44). The resulting background
is given by
ds2 =
η
2
[−4dx−dv1√
2− 2ηv2
+
−2η(dx−)2 + η(dv2)2
1− 2ηv2(
√
2− ηv2)
]
,
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B =
η
2
[
−√2ηdx−
1− 2ηv2(
√
2− ηv2)
− dv1
1−√2ηv2
]
∧ dv2 . (3.47)
Thus the dual background is described in terms of the coordinates x− , v1 , and v2 , where v1
and v2 are the components of the Lagrange multiplier v written as v = v1 T˜
∗
1 + v2 T˜
∗
2 .
The remaining task is to remove v1 and v2 from the expression (3.47) . For this purpose,
it is helpful to perform a field redefinition of the Lagrange multiplier v . The first thing to
consider is a constraint for the derivative of v coming from (3.28) , which is given by
∂±v = ∂±v1 T˜
∗
1 + ∂±v2 T˜
∗
2
=
√
2(1−√2ηv2)∂±x+
ηz2
T˜ ∗1 +
√
2(1−√2ηv2)∂±z
ηz
T˜ ∗2 . (3.48)
Then we obtain a set of the first-order differential equations:
∂±v1 =
√
2(1−√2ηv2)∂±x+
ηz2
,
∂±v2 =
√
2(1−√2ηv2)∂±z
ηz
. (3.49)
By solving this system, v can be determined as
v = (a1 − 2a2 x+)T˜ ∗1 +
(
1√
2η
+ a2 z
2
)
T˜ ∗2 , (3.50)
where a1 and a2 are integration of constants. The constraints (3.27) fix the value of a2 as
a2 = − 1√
2η
,
but a1 cannot be determined. Thus we obtain the field redefinitions of the Lagrange multi-
plier v like
v =
√
2
η
(
x+ +
η√
2
a1
)
T˜ ∗1 +
1− z2√
2η
T˜ ∗2 . (3.51)
After putting v1,2 obtained from (3.51) into (3.47) , the dual background can be rewritten as
ds2 =
−2dx+dx− + dz2
z2
− η
2(dx−)2
z4
,
B =
η
z3
dx− ∧ dz + 1
ηz
dx+ ∧ dz . (3.52)
Thus the background is equivalent to a three-dimensional Schro¨dinger spacetime again, up
to the total derivative term. Note that the ambiguity of the constant parameter a1 has been
absorbed into the shift symmetry for x+ .
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4 The equivalence for the W2,4 × T 1,1 case
In this section, we show the equivalence between non-abelian T-dualities and YB defor-
mations for the W2,4 × T 1,1 case. This result indicates that the equivalence proposed for
principal chiral models and symmetric coset sigma models should be valid even for non-
symmetric coset cases.
4.1 DTD models for W2,4 × T 1,1
A unified picture of non-abelian T-dual models and homogeneous YB deformations has been
constructed as a DTD model [45]. In the construction of [45], the symmetric coset structure
was assumed so as to ensure the classical integrability. A remarkable point is that this
picture is not restricted to the symmetric coset case but is still applicable to non-symmetric
(non-integrable) cases as described below.
We start from the undeformed sigma model with target space W2,4× T 1,1 . The classical
action is given by
S =
T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ γαβ STr
[
g−1∂αgP (g
−1∂βg)
]
, (4.1)
where γαβ = diag(−1, 1) is the worldsheet metric and T is the string tension. We will
concentrate on the bosonic part hereafter and turn off the fermionic degrees of freedom.
Hence g is a representative of the coset (2.6) . It should be remarked that the projection
P has already been utilized in the coset construction (2.18) and this P is not based on the
grading structure unlike in the symmetric coset case.
As already explained in section 2, the W2,4 × T 1,1 geometry is represented by a non-
symmetric coset. However, due to the coset structure, it is still possible to construct the
corresponding DTD models.
Let us first construct a gauged action for a subgroup G˜ . The classical action is given by
S = −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
(A˜− + J−)Pf(A˜+ + J+)− v F˜+−
]
, (4.2)
where Pf = Adf ◦ P ◦ Ad−1f , f ∈ G and F˜+− = ∂+A˜− − ∂−A˜+ − [A˜+, A˜−] is the field
strength of the gauge field A˜ for G˜ . J± = −∂±ff−1 is the right-invariant current and v is
the Lagrange multiplier that takes values in the “dual algebra” g˜ .
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To reproduce the original model, we integrate out the Lagrange multiplier v that leads
the flatness condition F˜+− = 0 . Then taking a pure gauge A˜ = −g˜−1dg˜ , g˜ ∈ G˜ , the gauged
sigma model (4.2) is reduced to the original model with g = g˜ · f .
The next task is to deform the gauged action (4.2) by adding the following topological
term :
η−1STr
[
A˜−ΩA˜+
]
. (4.3)
Here the skew-symmetric operator Ω is the 2-cocycle satisfying the cocycle condition. Then
the action of the deformed gauged sigma model is given by
S = −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
(A˜− + J−)Pf(A˜+ + J+)− v F˜+− − η−1A˜−ΩA˜+
]
= −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
J−PfJ+ + A˜−O˜+A˜+
+A˜−(∂+v + Pf(J+))− (∂−v − Pf(J−))A˜+
]
, (4.4)
where we have introduced the following operators:
O˜± = P˜ T (Pf ± adv ∓ η−1Ω)P˜ .
Then taking a variation with respect to the gauge field A˜± leads to
A˜+ = −O˜−1+ (∂+v + Pf(J+)) , A˜− = O˜−1− (∂−v − Pf(J−)) . (4.5)
Putting the expressions of A˜± in (4.5) to the gauged action (4.4), we get the action of DTD
models
SDTD = −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
J−PfJ+ + (∂−v − Pf (J−))O˜−1+ (∂+v + Pf(J+))
]
. (4.6)
When the gauged subgroup G˜ is abelian, the resulting background obtained from the DTD
model is a TsT transformed background [44].
We will show that the action (4.6) is equivalent to the action of YB sigma model, as
shown in the next subsection.
4.2 The equivalence between DTD models and YB sigma models
The YB deformed action is given by
SYB = −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
A−P ◦ 1
1− ηRg ◦ P A+
]
, (4.7)
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where Rg(x) = g
−1R(gxg−1)g . To show the equivalence between DTD models and YB sigma
models, we demand the following conditions :
1
1∓ ηRg˜ ◦ Pf = 1− O˜
−1
±
◦ Pf , (4.8)
− 1
1∓ ηRg ◦ P g
−1∂±g = Ad
−1
f
(
A˜± + J±
)
, (4.9)
where A˜± is defined in (4.5) . These conditions indicate the constraints for derivatives of
Lagrange multiplier v like
dv = −(P˜ T ◦ Pf − O˜+)g˜−1dg˜ = (P˜ T ◦ Pf − O˜−)g˜−1dg˜ . (4.10)
Then the YB sigma model action (4.7) can be rewritten as
SYB = −T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
(−g˜−1∂−g˜ + J−)Pf(A˜+ + J+)
]
= SDTD − T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
g˜−1∂−g˜∂+v
]
= SDTD − T
3
∫
∞
−∞
dτ
∫ 2pi
0
dσ STr
[
g˜−1∂−g˜(adv − η−1Ω)g˜−1∂+g˜
]
. (4.11)
The second term is a total derivative as in the PCM case. Thus the two models are equivalent
at classical level even for the W2,4 × T 1,1 case (up to a total derivative).
5 Examples
In this section, we present examples of YB deformations of the W2,4 × T 1,1 background and
the associated DTD models.
5.1 The case of abelian r-matrices
Let us first consider a YB deformation associated with an abelian r-matrix
r =
1
2
L10 ∧ L20 , (5.1)
which satisfies the homogeneous CYBE and the unimodularity condition. This classical
r-matrix (5.1) is composed of the generators of the following algebra:
g˜ = span
R
{T˜1, T˜2} = spanR{
√
2L10 ,
√
2L20} . (5.2)
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The dual algebra g˜∗ is spanned as
g˜∗ = span
R
{T˜ ∗1 , T˜ ∗2 } = spanR{−
√
2L10 ,−
√
2L20} . (5.3)
Then the associated 2-cocycle is given by
ω = −8L10 ∧ L20 , (5.4)
and satisfies the cocycle condition.
The resulting YB deformed metric with B-field is given by
ds2 = G(ηˆ)
[
−1
9
(dχ+ cosh y1 dψ1 + cosh y2 dψ2)
2 − ηˆ2 sinh
2 y1 sinh
2 y2
324
dχ2
+
1
6
∑
i=1,2
(
G(ηˆ)−1dy2i + sinh
2 yi (dψi)
2
)]
+ ds2T 1,1 ,
BYB = ηˆ G(ηˆ)
[
−cosh y2 sinh
2 y1
54
dχ ∧ dψ1 + cosh y1 sinh
2 y2
54
dχ ∧ dψ2
−
(
sinh2 y1 sinh
2 y2
36
− sinh
2 y1 cosh
2 y2 + cosh
2 y1 sinh
2 y2
54
)
dψ1 ∧ dψ2
]
, (5.5)
where ηˆ ≡ 3
2
η and the scalar function G(x) is defined as
G−1(x) ≡ 1 + x2
(
sinh2 y1 sinh
2 y2
36
− sinh
2 y1 cosh
2 y2 + cosh
2 y1 sinh
2 y2
54
)
. (5.6)
Note here that the metric of the T 1,1 part has not been deformed.
The background is formally given by applying a double Wick rotation to the associated
TsT transformed T 1,1 background given in (3.16) and (3.17) of [50], up to the overall sign.
Indeed, the deformed background (5.5) can be reproduced by applying the following TsT-
transformation to the metric ofW2,4 : 1) perform a T-duality along the ψ1-direction, 2) shift
ψ2 like ψ2 → ψ2 − 32ηψ1 , 3) perform a T-duality along the ψ1-direction again.
To see the equivalence between this YB sigma model and the associated DTD model, let
us decompose a group element g as follows:
g = g˜ · f ,
g˜ = exp
[
ψ1L
1
0 + ψ2L
2
0
]
, f = exp [2χK] exp
[
(y1 − iπ)L11 + y2L21
] · gT 1,1 . (5.7)
Integrating out the constraint (4.10) under the decomposition leads to
v =
4
η
[(ψ2 + a1)L
1
0 − (ψ1 + a2)L20 ] , (5.8)
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where a1 ,2 are constants of integration. This v also satisfies the requirements (4.8) and (4.9)
for any values of a1,2 . By using (5.8), it is shown that the metrics of the two models are
identical and the difference between the two B-fields is just a total derivative like
BYB −BDTD = − 2
3η
dψ1 ∧ dψ2 . (5.9)
Thus the two models are equivalent up to this total derivative term.
5.2 The case of non-abelian r-matrices
The next example is a YB deformation with a non-abelian r-matrix,
r = 2(L10 + L
1
2) ∧ L11 . (5.10)
This is a solution of the homogeneous CYBE for sl(2) and does not satisfy the unimodularity
condition. The r-matrix (5.10) is composed of the sl(2) generators as
g˜ = span
R
{T˜1, T˜2} = spanR{L10 + L12,
√
2L11} . (5.11)
The dual algebra g˜∗ is spanned as
g˜∗ = span
R
{T˜ ∗1 , T˜ ∗2 } = spanR{L12 − L10,
√
2L11} . (5.12)
Then the associated 2-cocycle is given by
ω = −(L12 − L10) ∧ L11 , (5.13)
and satisfies the cocycle condition.
In this case it is convenient to choose the parametrization (2.19). The associated deformed
background is given by
ds2 =
1
6
(
(dx1)
2 + (dz1)
2
(z1)2 +
η2
3
+
(dx2)
2 + (dz2)
2
(z2)2
)
(5.14)
−1
9
(
1 +
2η2
3z21 + η
2
)(
dχ+
dx1
z1
+
dx2
z2
)2
(5.15)
+
2η2dx1
3z1(3z
2
1 + η
2)
(
dχ +
dx1
2z1
+
dx2
z2
)
+ ds2T 1,1 , (5.16)
BYB =
η
3(3z21 + η
2)
dz1 ∧
(
dχ− dx1
2z1
+
dx2
z2
)
. (5.17)
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Note here that the r-matrix (5.10) does not satisfy the unimodular condition [28]. Hence the
deformed background cannot be a solution of the usual type IIB supergravity, but should
satisfy the generalized equations [36] with appropriate completions.
Finally, let us see the equivalence between the YB sigma model with the r-matrix (5.10)
and the associated DTD model. A group element g can be parametrized as
g = g˜ · f ,
g˜ = exp
[
−x1
z1
(L12 + L
1
0)
]
exp
[
L11 log z1
]
,
f = exp
[
x2(L
2
2 + L
2
0) + 2χK
]
exp
[
L21 log z2
] · gT 1,1 . (5.18)
Integrating out the constraint (4.10) under the decomposition leads to
v =
(
1
2η
+ a1 z1
)
(L12 − L10) + (
√
2a1 x1 + a2)
√
2L11 , (5.19)
where a1 ,2 are constants of integration. The requirements (4.8), (4.9) then determine a1 =
− 1
2η
. Using the expression of v , one can see that the metrics from the two models are
identical and the difference between the NS-NS two-forms is just a total derivative:
BYB −BDTD = 1
6ηz1
dx1 ∧ dz1 . (5.20)
Thus it has been shown that the two models are equivalent (up to the total derivative term).
6 Conclusion and discussion
In this note, we have studied Yang-Baxter deformations of type IIB string theory defined
on the W2,4 × T 1,1 spacetime with several examples of classical r-matrices satisfying the
homogeneous CYBE. The result indicates that the Hoare-Tseytlin conjecture should be
valid even for a non-symmetric coset (i.e. non-integrable) case. The analysis presented here
was restricted to the metric (in the string frame) and NS-NS two-form. It would be very
interesting to generalize to the supersymmetric case, though the Green-Schwarz string theory
on the W2,4 × T 1,1 background itself has not been constructed yet.
As future directions, it would be interesting to study the conjecture relation for other
examples of YB-deformations such as YB deformed Minkowski spacetime [60–62] and the
deformed Nappi-Witten model [63, 64].
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As for the Yang-Baxter deformations with the mCYBE (including the η-deformation),
some relations to non-abelian T-dualities have not been clarified yet. But it is well known
that the η-deformation is equivalent to the λ-deformation [65–67] via the Poisson-Lie T-
duality [68, 69] (For the recent progress on λ-deformations, see [70–72] and [28]). It would
also be nice to consider a generalization of this equivalence to non-symmetric coset cases like
the W2,4 × T 1,1 background.
We hope that our work would provide a key to liberate YB deformations from the notion
of integrability.
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Appendix
A The integrated form of v
We shall here derive the integrated form of the Lagrange multiplier v .
When a parametrization of g is taken as
g = g˜ · f , f ∈ G ,
g˜ ≡ exp(RX) ∈ G˜ , X ∈ g˜∗ , (A.1)
the first condition in (3.27) leads to the following form of v ∈ g˜∗ :
v = −η−1P˜ T 1− e
−adRX
adRX
X . (A.2)
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This form is given in [45], but for completeness we provide the derivation of this expression.
Let us rewrite the first condition in (3.27) like
O˜−1+ =
1
P˜ T (1 + adv − η−1Ω)P˜
= P˜
(
1− 1
1− ηRg˜
)
P˜ T
= −P˜ 1
1− ηe−adRX ReadRX (e
−adRX (η−1Ω)eadRX )−1P˜ T
=
1
P˜ T (1− η−1e−adRX Ω eadRX )P˜ . (A.3)
Here the Campbell-Baker-Hausdorff formula leads to the following expression:
P˜ Te−adRX Ω eadRX P˜ = P˜ T
(
Ω− [adRX ,Ω] + 1
2
[adRX , [adRX ,Ω]] + · · ·
)
P˜
= P˜ T
∞∑
n=0
1
n!
((−adadRX )nΩ) P˜ . (A.4)
Setting x = RX ∈ g˜ in the cocycle condition (3.6), we can obtain
[adRX ,Ω](y) = adyX = −adX y , y ∈ g˜ . (A.5)
Using the expression (A.5), (A.4) can be rewritten as
P˜ T e−adRX Ω eadRX P˜ = P˜ T
(
Ω+
∞∑
n=0
1
(n+ 1)!
((−adadRX )nadX)
)
P˜ . (A.6)
Then the Jacobi identity for the Lie algebra g enables us to derive the following relation:
(adadRXadX) (y) = (adRXadX − adXadRX)(y)
= [RX, [X, y]] + [X, [y, RX ]]
= [[RX,X ], y] = adadRXX(y) . (A.7)
Hence, finally, we get the following expression :
P˜ Te−adRX Ω eadRX P˜ = P˜ T
(
Ω +
∞∑
n=0
1
(n + 1)!
(−1)nad(adRX)nX
)
P˜
= P˜ T
(
Ω− ad
−P˜T 1−e
−adRX
adRX
X
)
P˜ . (A.8)
Here we have ignored the deviation of 1−e
−adRX
adRX
X from g˜∗ (For the detail, see the footnote
12 in [44] ).
24
Putting (A.8) into the last equation in (A.3), the first condition in (3.27) can eventually
be written as
1
P˜ T (1 + adv − η−1Ω)P˜
=
1
P˜ T
(
1 + ad
−η−1P˜T 1−e
−adRX
adRX
X
− η−1Ω
)
P˜
. (A.9)
Thus we have obtained the integrated form of the Lagrange multiplier v in (A.2) with the
parametrization (A.1).
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